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Abstract. Noninertial transformations on time-position-momentum-energy 
space {t,g,p,e} with invariant Born-Green metric ds^ = —dt^ + -ijdq^ + 
-gjidp^ — -ijde^) and the symplectic metric -de A dt + dp A dq are studied. 
This Ul, 3) group of transformations contains the Lorentz group as the iner- 
tial special case and in the limit of small forces and velocities, reduces to the 
expected Hamilton transformations leaving invariant the symplectic metric 
and the nonrelativistic line element ds^ = —dt^. The W(l, 3) transformations 
bound relative velocities by c and relative forces by b. Spacetime is no longer 
an invariant subspace but is relative to noninertial observer frames. In the 
limit of 6 — > oo, spacetime is invariant. Born was lead to the metric by a con- 
cept of reciprocity between position and momentum degrees of freedom and 
for this reason we call this reciprocal relativity. 

For large b, such effects will almost certainly only manifest in a quantum 
regime. Wigner showed that special relativistic quantum mechanics follows 
from the projective representations of the inhomogeneous Lorentz group. Pro- 
jective representations of a Lie group are equivalent to the unitary representa- 
tions of its central extension. The same method of projective representations 
for the inhomogeneous W(l, 3) group is used to define the quantum theory 
in the noninertial case. The central extension of the inhomogeneous W(l, 3) 
group is the cover of the quaplectic group Q(l,3) = U{1,3) ®b ^(4). W(4) is 
the Weyl-Heisenberg group. The ^(4) group, and the associated Heisenberg 
commutation relations central to quantum mechanics, results directly from re- 
quiring projective representations. A set of second order wave equations result 
from the representations of the Casimir operators. 



1. Introduction 

1.1. Special relativity transformations. Special relativity defines transforma- 
tions between inertial frames in spacetime. For simplicity of exposition, let us start 
by considering the one dimensional case, {t,q} e M ~ R^, for which the global 
transforms on time and position are 

i=-f°{v)(t+^qy q = j°{v){q + vt). (1) 



with 



2\ -1/2 

7°W-(1-^ (2) 
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These transformations act locally on the frames {dt,dq} in the cotangent vector 
space 

di=j°{v){dt + ^dq), 

dq^-f°{v) {dq + vdt) . ^"^^ 

The corresponding transforms act on momentum-energy space {p, e} e M ~ 

p^j°[v)(p+^e^,e = -f°{v){e + vp). (4) 

In the neighborhood of an inertial frame, the local expressions in terms of the frame 
{dp, de} in the cotangent vector space is 

dp = j°{v){dp+^de), 

di ^ j° (v) (de + vdp) . ^ ' 

These transformations leave invariant the orthogonal metrics defining the line ele- 
ments 

ds^ = -dt'^ + \dq'^, di? = dp'^ - \de^. (6) 

Spacetime M and momentum-energy space M may be combined to form the time- 
position-momentum-energy space P ~ M(8)M ~ and the above expressions (3,5) 
may be regarded as acting on frames dz = {dt,dq,dp,de} G T* in the cotangent 
vector space of P where z = {t,q,p,e} G P. The line element|3 given in (6) 
are defined on this space that continue to be invariant under the action of (3,5). 
Additionally, there is a symplectic metric ^ = — c?e A dt + dp A dq that is invariant 
under these transforms. 

The line elements ds^ and dfi are invariant under 50(1, 1) (g) 50(1, 10. The 
symplectic metric ( is invariant under the symplectic group 5p(4). Transforma- 
tions leaving both the line elements and the symplectic metric invariant are in the 
intersection of these of these two groups 

(50(1, 1) ® 50(1, 1)) n 5p(4) ~ 50(1, 1). (7) 

This 50(1, 1) group is the group of local inertial canonicall transformations on 
T*zP. Elements in the group may be written as the 4x4 real matrix group A{v) 
with transformations 

Oz 

dz = —dz = A(v)dz, (8) 
oz 

(using matrix notation,) where the matrices are explicitly 

/ 1 ^ \ 
w 1 
1^ 
\ V I J 

It is the symplectic condition in (7) that requires that the velocity parameter 
for the independent 50(1,1) groups in the direct product to be the same. The 
transformations by A{v) in (8) are the transformations given in (3,5). The group 



A(w) =7°(w) 



(9) 



^The component matrix of the line elements are singular and therefore these line elements do 
not define metrics on r*zP. 

^Each line element is actually invariant under 0{1, 1). This group is required in the quantum 



case 

3i 



Transformations leaving the symplectic metric invariant are generally referred to as canonical. 
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multiplication law is the usual relation for the addition of velocities in this one 
dimensional case of special relativity 

Aiv)-Aiv) = Ai ). (10) 

Time is relative to the inertial observer in special relativity. There is no absolute 
rest frame. However, implicit in the restriction that these transformations are valid 
only between inertial observers is the assumption of an absolute inertial frame that 
all observers agree on. The velocity addition law ensures that the addition of 
velocities is bounded by c. 

The above discussion generalizes straightforwardly to the 1 + 3 dimensional case 
for which the group defined in (7) becomes 

(50(1, 3) ® 50(1, 3)) n Sp{%) ~ SO{\, 3). (11) 

All of the groups in this expression are matrix groups and therefore the group 
elements are conveniently realized as 8 dimensional matrices. 



1.2. Nonrelativistic inertial transformations: Hamilton's equations. The 

nonrelativistic limit is the case where u/c — > or equivalently c — > oo. In this limit, 
(3) and (5) reduce to 



dt = dt, 

dq = dq + vdt, 

dp — dp, 

de = de + vdp, 

and in the limit c — > oo the line elements in (6) reduce to 



(12) 



(13) 



The symplectic metric C, is not affected by the limit and continues to be an 

invariant of the transformations. The group leaving both these invariant is the 
contraction of the one dimensional Lorentz group to the Euclidean group. 



lim 50(1,1) =f(l) ~r(i). 



(14) 



As the one dimensional Euclidean group is the translation group, the contraction 
of the matrix realization in (7) is 



<i>(v) = lim T{v) 



/ 1 \ 

1 

10 

\ w 1 / 



(15) 



This satisfies the group composition law for translation group, $({;) • <^{v) 
v). 

The transformations in (12) are the canonical transformations between inertial 
frames in non-relativistic Hamilton mechanics. Because time in is an invariant of 
these transformations, we say that time is invariant or absolute; all inertial observers 
agree on the definition of the time subspace of this time-position-momentum-energy 
space. Velocity is simply additive and is unbounded. It follows from the transfor- 
mations that there is a special frame that is an absolute inertial rest frame. 
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The canonical transformations in the nonrelativistic Hmit may be integrated to 
determine the transformations = /"(z), 



Mv)]ld-? 



(16) 



To expUcitly compute these partials of f°'{t,q,p,e) with z — {t,q,p,e\, use the 
form of given in (22). The diagonal elements are the boundary conditions 

de 



1, 



(17) 



dt ' dq ' dp 
and the remaining nonzero terms are Hamilton's equation for the velocity 

All other partials are zero, including what would be the second of Hamilton's equa- 
tions for forces, as one would expect for an inertial transformation 



dt dq ' dt 



(19) 



These nonrelativistic equations may be integrated, neglecting trivial constants, to 
define the inertial canonical transformations = /"(z). 



P{t,q,p,t) = t, 

q = P(t,q,p,t) = q + q{t) = q + vt, 



p = P{t,q,p,t) =Pi 

e = P^{t,q,p, i) = 



H{p). 



Then, (18,19) are 

dq{t) _^_dH dp{t) _ ^ _ dH dH _^ 
dt dp ^ dt ' dq ^ dt 

with f ~ r ^ for this inertial case. 



(20) 



(21) 



1.3. Nonrelativistic noninertial transformations: Hamilton's equations. 

Hamilton's equations and the corresponding canonical transformations are generally 
vaHd for noninertial transformations where forces are non-zero. A frame associated 
with an arbitrary particle obeying Hamilton's equations is generally noninertial. In 
this case, the equations in (19) are no longer zero and consequently the matrix 
(15) becomes 

/ 1 \ 

> (22) 





V 1 

/ 



1 
V 1 / 



By direct matrix multipHcation, it may be verified that this is a matrix group 
with product Q 



^{i, /, f ) • $(u, /, r) ^^{v + ij + Pr + r + vf ~ fv). 



(23) 



This is the group composition law for the Weyl-Heisenberg group. The reason for this is 
discussed following (45) 
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We call this group the Hamilton group 'Ha{l). This leads to the set of transforma- 
tions dz — /, r)dz that are explicitly 

dt — dt, 

dq = dq + vdt, 

dp = dp + fdt, ^ > 

de = de + vdp — fdq + rdt. 

These leave invariant the line element ds^ = —dt^ and the symplectic metric 
C = ~de A dt + dp A dq. As expected, the line element d^^ — dp^ is no longer an 
invariant. Again, these may be integrated to give 

t = /i(i,g,p,t) -t, 

P{t,q,p,t) = q + qit), ^r,r^ 

p = f{t,q,p,t)=p + p{t), ^^^^ 
e = f*{t, q,p,t) = e + H{p, q, t), 



Using (16) this directly results in Hamilton's equations that are given in (21) with 
/, r not necessarily zero 

Alternatively, one can start from the assumption that the line element ds"^ = 
—di^ and the symplectic metric are invariant and arrive at the matrix group (22). 
This, in turn, leads directly to the transformation equations (24,25) and Hamilton's 
equations (21). 

This establishes the equivalence of the formulations. These equations and argu- 
ments readily generalize to 3 spacial dimensions. 

The transformations in (20, 24) are the canonical transformations between frames 
that are generally noninertial for non-relativistic Hamilton mechanics. As in the 
inertial case, time in is an invariant of these transformations and so we say that 
time is invariant or absolute. All observers agree on the definition of the time sub- 
space of this time-position-momentum-energy space. Velocity is simply additive 
and is unbounded. Force is simply additive and unbounded. It follows from the 
transformations that there is a special frame that is an absolute inertial rest frame. 

1.4. Noninertial relativistic transformations. The Lorentz group is the group 
of transformations between inertial frames in special relativity. Hamilton's group 
is the group of noninertial transformations in nonrelativistic Hamilton's mechanics. 
Both of these groups leave invariant the symplectic metric C and are therefore are 
subgroups of the symplectic group. Again, special relativity leaves invariant the 
line elements 

ds'^ ^ -dt'^ + ^dq'^ , dp'^ = dp^ - ^de^ (26) 

whereas Hamilton's equations leaves invariant the nonrelativistic line element ds^ = 
—dt^. We are looking for the group of transformations that reduces to the special 
relativistic transformations in the special case of inertial frames. Furthermore in 
the limit of small velocities and small forces, it must contract to Hamilton's group 
(22). A group with this property follows directly by combining the degenerate 
orthogonal line elements into the single orthogonal Born-Green metric [1] 

ds" = -dt^ + ^dq^ + 1 (dp^ - ^deA (27) 
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6 is a universal constant, and together with c, and h, defines a dimensional basi^ 
with scales 



At 



^ A 



' he 



Ae 



'hbc. 



(28) 



The group that leaves this orthogonal metric invariant is 0(2,2). The symplectic 
metric C continues to be invariant. The group of transformations leaving both 
the orthogonal and symplectic metric invariant is 



0(2,2)n5p(4) ~Z^(1,1) 



(29) 



The unitary group is basic to the quantum formulation. Again, as in (7), in the clas- 
sical case, only the special orthogonal metric needs to be considered and therefore 

50(2,2)n5p(4) ~5Z^(1,1). (30) 
The group elements of SU{1, 1) may be realized as the matrices r(w, /, r) 

/it) / r \ 

T{vJ,r)^^{vJ,r) l ^ , f ^ , (31) 



/ 


1 4 


f 
W 




\ 




V 1 


r 

w 








J, J, 

J -p- 


1 


V 




V 


r -f 


V 


1 


/ 



with j{v, /, r) = (1 - wVc^ - /2/62+rV62c2)^'/'. 

1.4.1. Reciprocal relativity transformation equations. This group defines the trans- 
formations dz — T{v, /, r)dz that are explicitly 



di = -f{dt + -^dq + ^dp - pi^de), 
dq = 'j{dq + vdt + -^dp - pde). 
dp = j{dp + fdt - ^dq + ^de), 
de = 7(c?e + vdp — fdq + rdt). 

The group composition law between three frames is 

T{v"J",r")-r{v'J',r')^T{vJ,r) 



(32) 



(33) 



with V = g,iv', v", /', /", r', r"), / = <?/(«', v" , /', /", r', r") and r = gr{v',v'', /', /", , 
where these are given by 



V = {v" + v'+^ {r'f" - fr")) / (l + ^ + ^-'^) , 

I = (./" + r+j, {~r'v" + v'r")) / (i + ^v: + 4^-^;^) 

r = [r" + r'- fv" + v' f") / {l + + ^'W^) 



(34) 



Proper acceleration at a specific moment is defined relative to a frame that 
may be taken to be {v" , f" ,r") with {dv" ,df" ,dr") = [2J. The primed frame is 
momentarily locally inertially at rest relative to this frame, (w', /', r') — 0, but has 



G is usually used as the third dimensional constant, G = ac^- If ctQ turns out to be unity, 
then these are the usual Planck scales. 
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non-zero derivatives {dv' , df , dr'). Therefore, from (34), at this moment, {v,f, r) 
{v", f", r"). Then, taking the derivative of (33) with these conditions gives 



dv=[l- ^ j dv' + ^ ((/ + ^) dr' - (r + fv) df) , 
rf/ = (l - ^) df ' + ^ ( (-i; + If ) rfr' + (r - /^;) dv') , (35) 



dr={l + T^]dr'- 



+ ^) df + (/ - ff) dv'. 



Noting that dt' — j{v,f,r) ^dt, the derivative with respect to dt may be computed 
and the equations inverted to yield the transformation of proper acceleration and 
impulse 



^ = l{v,frf (f^+^(^jf^-rf^ 
%=l{vj,rf((f^+^{v f -rf)), (36) 



dr' 
dt' 



These transformations have the property that for inertial transformations where 
f = r = 0, that T{v, 0, 0) = A{v) where A{v) is the special relativity transformation 
in (9). The special case / = r = of the velocity transformation (34) and proper 
acceleration (36) are 



V^gl{v',v")^{v' + v")/(l + ^) 



dt' I y'^/ dt^ 



(37) 



where j{v,0,0) = j°{v) is defined in (2). In this case, the velocity transformation 
is identical to the usual special relativity expression (10) and proper acceleration 
expression in (37) are as expected in [2] 

Null surfaces separate timelike from spacelike trajectories. In one dimensional 
special relativity, these are simply the cones -^idq^ = dt^ or v = ±c. It follows 
directly that the velocity addition law has the fixed point v = gl{v,v)\v=±c- A 
fixed point surface for the noninertial transformations (34) that have the property 
that V = g^{v,v,f,f,r,r), f = gf{v,v,f,f,r,r) and r = gr{v,v, f, f,r,r) ifQ 

^ + ^ = 1, r = 0. (38) 

In this case, the four dimensional (g,p, e, t) space may be visualized as three dimen- 
sional slices (q,p, t) with e constant. The null surfaces are the cones ■^dq'^ + -^dp'^ = 
dt^. In the inertial case with dp = 0, these reduce to the special relativity case 
V = ±c. There is the corresponding case where the velocity is zero where / = ±b. 

Time is clearly not an invariant subspace of the transformations and therefore 
time is relative to the observer frame as is the case in special relativity. In addi- 
tion, these transformations do not have position-time (or spacetime) as an invariant 
subspace of the group of transformations. This means that spacetime is relative 
to the frames of noninertial observers. These effects become significant for relative 
forces between particle states that are large and approach the limiting value b cor- 
responding to the extreme noninertial case. Thus, we have the phenomena that 
the transformations mix the time-position with the energy-momentum degrees of 
freedom. Spacetime itself has become relative. 



Additional branches of the null surface exist for which r that require further investigation 
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1.4.2. Special relativity and nonrelativistic limits. The special relativistic limit is 
the case where forces are small relative to the scale b, f/b^O. This is equivalent 
to the limit, b oo. In this limit, the Born-Green line element defined in (27) 
reduces to the relativistic line element in (26), —dt^ + -^dq^ . Furthermore, the 
transformation equations (32) with the corresponding velocity and proper acceler- 
ation equations given in (37) 

di=-i°{dt + ^dq), 
dq = 7°(d(? + vdt). 
dp = -/°{dp + fdt+^ [vde - rdq)), 
de = 7°(de + vdp — fdq + rdt). 

This defines the matrix group 



(39) 



/ 1 ^ 



lim r(t;,/,r) = r°(t;,/,r) = 7°(t;) 






V 

1 



(40) 



The corresponding velocity transformation that is obtained from the group composi- 
tion law r°(u", /", r") ■ r°(w', /', r') = r°(w, /, r) and proper acceleration equations 
are of the form given in (37). In addition, the force and power transformations are 
the expected 

/ = g°fW. v", /', /", /, r") = (/" + f'+j, {v'r" - r'v")) / (l + ^) , 
r = g°{v', v", /', /", r', r") = {r" + r'-fv" + v' f") / [l + 

(41) 

The nonrelativistic limit is now both small velocities, w/c^O, and small forces, 
f /b 0. This is equivalent to the limit 6,c ^ oo. In this limit, the Born-Green 
line element ds^ defined in (27) reduces to the nonrelativistic line element (13). 
Furthermore, 



lim r(w,/,r) = $(w,/,r), 



(42) 



and therefore the transformations reduce in this limit to Hamilton's equations and 
the associated transformations (24). 

These equations may readily be generaHzed to the 1-1-3 dimensional case in 
which case the group is f3] 

50(2,6) n5p(8) ~ 5Z^(1, 3). (43) 

The special relativity limiting form is 

Yiia SU{l,i)^SO{l,i)®sAb{A) (44) 

h — > oo 

where Ab{4) is a 4(4 + l)/2 — 10 dimensional abelian group whose generators 
transform under the action of the Lorentz generators as a (0,2) symmetric tensor 
and physically correspond to "force-power stress". 

Again, in the special relativistic limit with 6 ^ oo, the position-time degrees of 
freedom no longer mix with the energy-momentum degrees of freedom and an abso- 
lute position-time, or spacetime, subspace that all observers agree on is recovered. 
This is analogous to the recovery of an absolute concept of time in the c ^ oo limit 
of special relativity. 
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The nonrelativistic limiting form is 

lim SU{1, 3) = Ha(3) = 50(3) ®s ^(3) (45) 

where 7i(3) is the Weyl-Heisenberg group. (Equation (17) in |2)- Note that the 
corresponding Hmit 6, c ^ oo of SU{1, 1) is 'H(l) and therefore ?ia{l) ~ H(l) as 
given in (22, 23). 

b is defined in terms of G as 6 = acfj ~ (lO^'^A^) ao ■ If ac is within a few 
orders of unity, then the forces at which this occurs are very large. Such forces 
between particle states would exist is the very early universe where interactions are 
very strong and frames are strongly noninertial. 

Born [Tl[4][l]was led to the Born-Green metric through a principle of reciprocity 
that sought to make the form of the physical equations invariant under the trans- 
form {q,p} {p,—q} and {t,e} {—e,t} [5]. It can be verified that these 
transforms are a discrete automorphism of this group. For this reason, we call the 
relativity of noninertial frames described above, reciprocal relativity. 

2. RELATIVISTIC QUANTUM MECHANICS 

2.1. Special relativistic quantum mechanics. Particle states in quantum the- 
ory are represented by rays in a Hilbert space H. Rays are equivalence classes of 
states e H defined up to a phase, lip) ~ \^p) if 1-0) = e*"|'!/') with e K. Rays 
are transformed from one to another through projective transformations that are 
unitary (or antiunitary) transformations up to a phase. 

Due to Wigner's work [6J, special relativistic quantum mechanics is now un- 
derstood in terms of the projective representations of the inhomogeneous Lorentz 
group. Projective representations are equivalent to the unitary, (or antiunitar jQ) , 
representations g of the central extension of this group |7j . As described in Appen- 
dix A, central extensions arise either algebraically through the addition of essential 
generators to the center of the algebra that conform to the Jacobi identities, or topo- 
logically where the group is lifted to its universal cover and the central elements 
are the first homotopy group. Mackey's method for semidirect product groups 
may be used to determine the unitary irreducible representations (see Appendix B) 

mum- 

The special relativity line element (7) is invariant under 0(1, 3) ~ V^^sC where 
Vi ~ Z4 is the 4 element discrete PCT group and C is the proper orthochronous 
Lorentz group. 

£ C 50(1,3) c 0(1,3). (46) 

The projective representations oi Q = 0(1,3) ®s '^'(4) are equivalent to the 
unitary representations g of the central extension of this group (Appendix A) [6]f7]. 
The algebraic extension is trivial and therefore the central extension Q oi Q \s 
the cover, Q ^ Q. The cover of the discrete group is itself 2?4 ~ I?4 and the 
Lorentz group has a 2-1 cover L = SL{2, C). Special relativity is then the unitary, 
or antiunitary, representation of the (extended) Poincare group V — G — T^i '9s 
S£{2, C) (^s ^(4jj. The two Casimir invariant operators for the Poincare group are 
Ci = rj'''>'PaPb and C2 = ^'''''WaWb with Wa = eY'''Lb^cPd- 



Antiunitary representations are required for the extended group that includes the discrete 
automorphisms. We refer here-on only to unitary representations and leave this understood. 
^PCT is an approximate symmetry that is not always applicable. 
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The unitary representations of the Poincare group have been extensively studied 
and it is not our purpose to repeat it here. We note only that the usual single 
particle wave equations for single particle states, Klein-Gordon, Dirac, Maxwell 
and so forth result from the solution of the eigenvalue equations of the Hermitian 
representation of the Casimir invariants 



where the eigenvalues are ci = —fj,^ and C2 = s{s + with /j, interpreted as mass 
and s as intrinsic spin or helicity. 

This method may be appHed to other homogeneous relativity groups /C. The rel- 
ativistic quantum mechanics is the projective representations of the inhomogeneous 
group G = IC '^{n). Projective representations of a group G are equivalent to 
unitary representations of the central extension of the group, G [Zj- The unitary 
representations, and the corresponding Hilbert space of states, are determined by 
the Mackey method. The single particle wave equations are given by the eigenvalue 
equations of the representations of the Casimir invariant operators (47) pDj. 

2.2. Reciprocally relativistic quantum mechanics. Reciprocally relativistic 
quantum mechanics generalizes special relativistic quantum mechanics to noniner- 
tial frames. The method directly follows the approach described in the previous 
section. Reciprocally relativistic quantum mechanics is the projective representa- 
tions of the inhomogeneous unitary group. 

As in the special relativistic case, the quantum theory considers the full symme- 
tries that, in this case are the L({1, 3) corresponding to the 0(2, 6) invariance of the 
Born-Green metric^. 

2.2.1. Central extension: the quaplectic group. We determine the central extension 
of the Inhomogeneous unitary group in Appendix A. The result is that the central 
extension of the group Z/^(l, 3)(g)sT(8) is the universal cover Q(l, 3) of the quaplectic 
group Q(l, 3) = Uil,3) (g)s 7^(4). The cover is 



Thus, using the same method as in special relativistic quantum mechanics, recip- 
rocal relativistic quantum mechanics is given in terms of the unitary representations 



An element g of the special quaplectic group may be written as realized as 
g{r,w,L) = gir,0,0) ■ g{I,w,t) where g(r,0,0) G Sll{l,3) and g{I,w,t) e H(4). 
This may be realized as the real 10 x 10 matrices 



The F are the homogeneous transformations r('i;, /, r) in 3+1 dimensions between 
non-inertial frames that are defined in (31). w G and i G R parameterize the 
Heisenberg group [5]. Calculations are more convenient if we choose a complex 



It may be necessary to consider additional discrete symmetries as in the special relativity case 
^'^The algebra of Q(l, 3) and its cover are the same and we move between these relatively freely 
in these considerations. See comment in Appendix C. 




(47) 



Q(l, 3) ~ T(l) ®, SU{1, 3) ®, H(4). 



(48) 



of 2(1,30. 




(49) 
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parameterization of this real group. In natural units with c = b = h = 1, invariance 
of the orthogonal and symplectic metrics requires that 

-(^. r) (») 

where A e 50(1,3) is the Lorentz subgroup. Then, with {w} — {x,y}, x,y gR'^ 
and {x}^{t,q},{y}^{e,pf3 

S = i (Af + zA) , z=^{x + iy). (51) 

S e SU{1, 3) are 4x4 complex matrices with unit determinant . If a; G Z^(l) is a 
phase, then T = ujE is an element of the iu\\U{l,3) = U {1) <S) SU {1 , 3) group (29). 
This may be written compactly as the complex 6x6 complex matrix realization of 
the quaplectic group 




g(T,z,t)~ \ z 1 L . (52) 



(53) 



The algebra of the quaplectic group is 

[Aa.b, Z+] = -ii-ia,cZ^, [Aa,b, Z^] irib^cZ^ , 

where U = rj"- ''Aa,b is the generator of the U{1) group. The Casimir invariants for 
the group are |lT] 

Co-/, = v'''''Wa,b, ... 

Ci = v''V'''l"'^'v'''"^h,aWb,cWd,eWf,g, ^^^^ 

where it is noted that the number of independent Casimir operators is 5 witlF^ 

Wa,b = Z+Z^ - lAa.b- (55) 

Consequently, the second order invariant is of the form 

C2 = N-IU (56) 

where TV = ri°-'''Z^aZ^b and U is the generator of the algebra oiU (1) defined above. 
The commutation relations for the Wa,b are 

[Aa.b, Wed] = i{Tla,dWb,c - rib,cWd,a), 

[Z±,M^„,fc] = 0, ^'"> 

and therefore Wc,d are invariant under Weyl-Heisenberg translation^^ It is impor- 
tant to note that both of the terms in Wa^b are required in order for the commutator 



Note that this means the order of the coordinates (and basis) is now {t,q,e,p} rather than 
{t,q,p,e}. This simply a matter that the latter is preferable for the introductory comments 
whereas this ordering enables the complex basis to be most simply introduced. 

^^Z^ Za may also be used in this definition, or any linear combination with Za Z^ . Prom the 
commutation relations, they differ only by a central element / that does not affect the definition 
of the Casimir invariant. 

^^The Weyl-Heisenberg group is the semidirect product of two translation groups. In a sense, 
it is a direct nonabelian generalization of our usual concept of translation. 
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with Zf to vanish. The Wc,d obey the same commutation relations with Aa^b as 
does Ac.d in (53). The Casimir invariants oiU{\,n) are [12] 



Di = v'^'^'Aa^b 



Di = f^'''''l^^^'U'^Tl9'^AH,aAb^cAd,eAf ^^^^ 



Therefore, (53) are invariant under U{l,n) rotations and it follows that the Ca in 
(54) are Casimir invariants of Q(l,n). Note also that it follows immediately that 

[Da, Dp] = 0, [Da, C0\ = 0, [Ca,Cp] = 0. (59) 

2.2.2. Unitary representations of the quapletic group: Hermitian representations of 
its algebra. The problem now is to determine the unitary representations of the 
group and the corresponding Hermitian representation of the algebra. This is a 
semidirect product with an nonabelian normal subgroup for which the Mackey 
representation theory is applicable (see Appendix B) \T0\ I13j. 

The results are as follows. There are two classes of representations corresponding 
to whether the eigenvalues of the representation of Cq = / are zero or non-zero. 
If /!■(/)) = 0, the Z^h commute and this reduces to the degenerate case of the 
inhomogeneous group where the normal subgroup is the abelian translation group. 
This is not of further interest. 

If I[tlj) 0, the little group isU{l, 3) itself and the stabiHzer is the full quaplectic 
group. Thus, the representations may be determined without requiring induction 
to the full group from the stabilizer. 

Using the Mackey method, the unitary representation is g = a p where a is 
a unitary representation of the little group, which is 3), that acts on a Hilbert 
space H"^ and p is a projective representation of Q(l,3) that acts on the Hilbert 
space of the unitary representations ^ of the normal subgroup H(4). 

The unitary representations of U{1,3) are known and act on a countably infinite 
complex vector space H"^ ~ V°° for this non compact case 

ea,fc = <y' {Aa.b) , <y' (zt) - 0. (60) 

The generators of the Hermitian representation of the algebra of Z^(l, 3) have com- 
mutation relations 

[£a,6, ic.d] = 11b,c£a,d - Va^dic^b- (61) 

The projective representation p is an extension of ^, so that p restricted to H(4) 
is ^. As the Weyl-Heisenberg group is the semidirect product Tl{n) ~ T{n) ®s 
T(n-\-l), its unitary representations ^ may be determined using the Mackey method 
[SlIIO]. The Hilbert space is H« ~ L^(R4,C). The representation ^ of the Weyl- 
Heisenberg group is lifted to the algebra to define — g'{Z^) — ^'{Z^) where, 
as usual, in a co-ordinate basis 

{x[ Z± [ij) = l^x'^ ± V"'"^^ H^) = (^^'^ ± ^) i^ix). (62) 

These satisfy the algebra 

: = Va,bl = Va,b (63) 
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where /IV) = IV) and therefore the Casimir eigenvalue cq = ]0- 

As H(4) is nonabelian, it is necessary to construct a projective representation p 
that reduces to ^ when restricted to the normal subgroup, p\n(4) = ^- P acts on the 
Hilbert space . This is equivalent to determining a HermitiaiF^ representation 
p' of the algebra acting on H^. As shown in Appendix C, this extension is given 
by 



Za^b - p' {Aa,b) = e {Z+) ■ {Z^) = ZtZ^. 
These Hermitian differential operators satisfy the commutation relations 



Za.b^ Z'^ 
Za.b, ZcA 



-Va.c Z 



b ' 



Za.b, Z^ 



= Vb.c z^ 



r]b,cZa,d - ria,dZc,b- 



(64) 



(65) 



with Za^b and Zf commuting with the £c,b- 

Finally, as = cr' © p' act on the Hilbert space H'? ~ V°° «) (M", C) where the 
generators are given by Q'{Aa,b) = Aa,b = ZaM + £a,b- The Wa,b = Q{Wa,b) defined 
in (55), that are used in the definition of the Casimir invariants, are 

Wa,b = Z+Z- - lAa.b = -ea,b. (66) 
The Casimir eigenvalue equations in (47) may then be written out explicitly as 



(67) 



Co IV) = / IV) = IV^ 

Cl IV ) = Tl''-^Wa,b IV) - -Ty^'^ea.fc IV) = Ci IV) 
Ci IV) = 77"'V'V-^^^'''eh,a4xerf,ee/,g |V) = C4 |V) ■ 

The Ca label irreducible representation0and are given in terms of the Casimir 
invariants of the group Z^(l,3) through the a representation. 

The Casimir invariant operators Da — g'{Da) of the unitary group are [12] 



(68) 



Da IV) = da IV) with IV) e a = l,2...iV„ = n. 

where the representations of the Casimir operators are 

Di\A^V'''''Aa,b\^)^ di\ib), ... 

^4 IV) = r;'^'V'V'-^'^^'''A,aifc,cid,ei/.3 | V ) = ^4 | V ) , 



(69) 



^^If Co ^ 1, then Wa^b = (1 — co)Za — e^.b and this does not commute with the and 
therefore cannot be used to construct the Casimirs. This is incorrect in [12]. Thanks to P. Jarvis 
for the correct solution. 

^''The quaplectic group is its own algebraic central extension. 

^^The Casimir invariants are constant for each irreducible representation. However, they may 
not form a complete set, additional labels may be required to completely specify the irreducible 
representations. For semisimple groups and the Poincare group, they are sufficient. 
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and where Aa.b — ^a,h + £a,fc- Substituting these into the expressions and simpli- 
fying (see Appendix C) results in the equations 

rya,fc(x'' + ^l^) p - gl;^ = /i(ci,di)V(x), 

eg4,a(x" + ^) [f" - irj) ^i^) = Mcl, ...C3, dl...d3)^(x), 

e^£l£c,a(a;° + ^) (x^ - ^) i^{x) = Uid, •••C4, di, ...^4)^^(2;), 

with = ri'^'"'ia,b- The /q,(ci, di, ...) are polynomials in and d^. The 
label irreducible representations and the dp label states in the irreducible represen- 
tation0. This is the set of wave equations that results from one new physical 
assumption, the Born-Green metric (27). The ic,d are countably infinite dimen- 
sional matrices as they are the Hermitian representations of the algebra oiU{l,3). 
The wave functions are functions of and have countably infinite number of com- 
ponents. The Hilbert space on which these act is ~ V°° (g) (R"' , C). The wave 
functions are elements of L^(M'*) and not L^(R^) because the Weyl-Heisenberg 
group is required by the central extension as a direct consequence of requiring 
projective representations. There is no need for a separate quantization procedure. 

3. Discussion 

The theory outlined seeks to generalize special relativity to noninertial framed. 
This introduces a reciprocally dual relativity principle that requires forces between 
particle states to be bounded by a universal constant b in addition to special rela- 
tivity requiring velocity between particle states to be bounded by c. Both velocity 
and force are relative. There is no longer the concept of an absolute inertial frame 
nor an absolute rest frame 

The theory may be regarded as a higher dimensional spacetime where the addi- 
tional dimensions of this higher dimensional spacetime are energy and momentum. 
That is, these additional dimensions are just as physical as the position and time de- 
grees of freedom. Position-time spac^ is not an invariant subspace for noninertial 
observers for which the transformations between frames are given by the unitary 
group. Different noninertial observers define this subspace differently. In this sense, 
position-time space (that is, our current concept of spacetime) has become relative. 
Energy-momentum may transform into space-time. In the inertial limit 6 — > 00, an 
invariant position-time space is recovered [l4] . 

The bound b of relative forces means that force singularities cannot exist. A the- 
ory that is invariant under the noninertial group will bound these effects through 
noninertial relativistic effects that result from the generalized concept of contrac- 
tions and dilations (34). Other approaches to resolving these singularities include 
assume a minimum length or a maximum acceleration [TSl fT6| flTl [TS] . 

Quantum mechanics is formulated by identifying physical states with rays in 
a Hilbert space. This leads to projective representations of the inhomogeneous 

^^As noted previously, this labeling may not be complete 

^^Note that in general relativity, particles that are only under the influence of gravity follow 
geodesies and so are locally inertial. The problem of determining a corresponding generalization 
of the theory described here to a manifold that is curved (and in this case noncommutative) has 
not yet been studied. 

^^That is, our usual concept of spacetime 
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noninertial relativity group. These are the unitary representations of the central 
extension that is the cover of the quaplectic group. This group has the Weyl- 
Heisenberg group as the normal subgroup with the associated Heisenberg algebra. 
Thus the basic Heisenberg relations result from requiring projective representations 
of the inhomogeneous group for the noninertial frames. 

The Hilbert space of the Weyl-Heisenberg group H(4) is L^{R^) not L^{M.^). 
Thus the wave functions are a function of a four dimensional subspace of commuting 
degrees of freedom. One such set is position-time but three additional canonical sets 
may also be used. This is simply represented by arranging the basis of the algebra 
{T, Qi, Pi, E} into a quad with the four generators on each face commuting. 

Pi E ^ > 

Just as nonrelativistic mechanics must be obtained from the limit c ^ oo, we 
must obtain special relativistic quantum mechanics from the reciprocal relativistic 
quantum mechanics in the limit 6 ^ oo. The next step in this investigation is to 
determine whether the wave equations for single particle states determined from 
the representations of the quaplectic group reduce to the special relativity inertial 
case in the limit b cxQ. 

I would like to thank Peter Jarvis for discussions on the ideas presented here 
that have greatly facilitated their development. 

4. Appendix A: Central extensions of Lie groups 

The projective representation of a Lie group is equivalent the unitary (or antiuni- 
tary) representation of the central extension of the group . The central extension 
is algebraic or topological or both. Consider first the algebraic extension. Suppose 
{Xa} are the generators of the Lie group Q with commutators 

[X^,Xp]=ClpX^ (72) 

with a, (3, ... = 1, .. dim(t/). Then, the central extension is the addition of a central 
generator la, [Xa,Ia] = 0, with commutator 

[Xa,Xi3] = Cl^fjX^ + C^^pla- (73) 

a — 1, ...m where m is the dimension of the central extension. This new commu- 
tation relation must also satisfy the Jacobi identities 

[X^, [X^,X0]] + [X„, [X0, X^]] + [Xp, [X^, X^]] = 0. (74) 

Clearly C]^ ^ — ^ is a trivial solution involving only the redefinition X^ 
Xj + and need not be considered. 

A direct calculation using the structure constants for the inhomogeneous Lorentz 
group shows that there are no nontrivial solutions in this case. On the other hand, a 
direct computation for the inhomogeneous unitary group, U{l,n)®sT{2n+2), with 
the generators of the algebra satisfying (53) shows that there is a one dimensional, 



^'^At first glance this does not seem likely to be the case particularly due to the wave functions 
having countably infinite dimensional components. For an example of the effects of limits, recall 
that the ordinary three dimensional nonrelativistic quantum harmonic oscillator has the Hilbert 
space Z(giL2(R3,C). The classical limit has a Hilbert space l?(^'^,C). 



16 



STEPHEN G. LOW 



(m = 1) central extension such that [Z^, Z^] = ili]a,b- This is the algebra of the 
Heisenberg groupF^ 

The topological extension is the universal cover G of G where 

n -.G ^G withker(7r) ~ V. (75) 

V is an abelian discrete subgroup that is the central extension that is also the first 
homotopy group. For the case of a semidirect product of matrix groups where 
G = IC A/", the cover is given by G = 0s 77- 

It is well known that 5£(2,C) is a double cover of the Lorentz group £, n : 
5£(2,C) C withker(7r) ~ I? ~ Z2. The translation group is simply connected 
and is its own cover and so the central extension of the inhomogeneous proper 
orthochronous Lorentz group is SC{2, C) (^s ^(4). 

The quaplectic group may be written as 2(1,3) = ^(1) 0s SU{1,3) 0)s "^(4). 
SU{1,3) is simply connected and is its own cover. The cover of the U{1) group is 
the translation group 

TT : r(l) -> U{1) withker(7r) ~ Z. (76) 

The Weyl-Heisenberg group is simply connected and is its own cover. Therefore, 
the central extension of the inhomogeneous unitary group U{1,3) 0)s ^(8) is 

Qil,3)~T{l)0sSU{l,3)0sn{i). (77) 

5. Appendix B: Unitary irreducible representations of semidirect 

product groups 

The problem of determining the unitary irreducible representations of a general 
class of semidirect product groups has been solved by Mackey [8]. Application 
to the Weyl-Heisenberg and quaplectic groups may be found in [9l[T9]. Mackey 
formulates the theorem for a very general class of groups. All the groups under 
consideration are well behaved, real matrix Lie groups and their covers for which 
the conditions are sufficient for the theorems to apply. The Mackey theorems are 
reviewed in \10\ and briefiy summarized here. In addition, the manner in which the 
results lift to the algebra is given as they are required for the determination of the 
field equations. 

5.1. Unitary irreducible representations of the Lie group. Suppose that J\f 
and K, are matrix groups that are algebraic with unitary irreducible representations 
^ and a on the respective Hilbert spaces and H"^. Then for z G A^, and k & K. 

C(z):H«^H« : 10)^ |^) = C(z)|0), 

(7(A:) :H"->H" : |</7) i-> |(^) =fT(A:) ^ ' 

The general problem is to determine the unitary irreducible representations p, 
and the Hilbert space on which it acts, of the semidirect product G — K,®s A/", 

e(5) :H^^H'^ : ItA) ^ 1^) =e(5) IV'). (79) 

The Mackey theorems state that these unitary irreducible representations g may 
be constructed by first determining the representations g° of the stabilizer groups, 



^^A semidirect product must be a subgroup of the group of automorphisms of the normal 
subgroup. For the Heisenberg group H(n), this is essentially iSp(2n) (g)s Ti.{n). 30(1,3) is not a 
subgroup of Sp(4) and so this central extension is not possible whereas U{1, 3) C Sp{8) and so it 
is possible in this case. 
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Q° C Q and then using an induction theorem to obtain the representations on the 
full group G- A sufficient condition for the Mackey method to apply is that t/,/C 
and J\f are matrix groups that are algebraic in the sense that they are defined by 
polynomial constraints on the general linear groups. 

The stabilizer group is G° — IC° (^s where the little group /C° C /C is defined 
for each of the orbits. These orbits are defined by the natural action of elements 
k G IC on the unitary dual Af of Af. The action defining the orbits is k : Af ^ J\f : 
^ I— > ^ = fc^ where {k^){z) = ^{k ■ z ■ k~^) for all a G Af. The little groups IC° are 
defined by a certain fixed point condition on each these orbits. 

For the case that A/" is abelian, the fixed point condition is fc^ = ^ and the little 
group is IC° — {fc|fc^ — £_}. The representation g° = a ® x acts on the Hilbert 
space ~ H'^ <E) C. Note that as Af is abelian, Af ~ K" under addition and the 
representations are the characters £,c{z) = Xc{z) = e'^ '^ and ~ C. 

For the case that Af is not abelian, the fixed point condition is kS, — p{k)(,p{k)^^ 
and the representation q° = a ® p acts on the Hilbert space ~ H'' §5 H^. p is 
a projective extension of the representation ^ to Q° , p{g) : for g d G° 

with p\^f ~ ^. If A/" is abelian, the extension is trivial, p\ic — 1 and this reduces to 
the abelian case above. Otherwise, the projective representations p are equivalent 
to the unitary representations of the central extension G° of G° using the method 
of Appendix A. 

If the stabilizer is equal to the group, G — G° "we are done. Otherwise the Mackey 
induction theorem is required to induce the representation on the full group [lOj . 
As the induction theorem is not required for the quaplectic group, it is not reviewed 
further here. 



5.2. Hermitian representation of the Lie algebra. These unitary representa- 
tions may be lifted to the algebra. Define Tg^ = T^cr — a' and TeQ° = q°' . 
Assume that G° is the central extension so that representations of the group are 
unitary and the algebra are Hermitian. Then for Z G a(A/') ~ Tf,Af , A G a(/C°) and 
W = A + Z e a.{G) we have 

Q°'{W) : 11^° ^ 

^a'{A)® p'{W) -.n" ®-R^ -.-R" ®YL^ (80) 
■.\^)^\^)=a'{A) \^)®\<l>)®\^)®p'{W) 10). 

The basis of the algebra satisfies the Lie algebra 

[Za,Zp\=cl^pZ^, (81) 
[A^i, Za\ = c'^^^A^. 

where a, (3.. — l...dim(7V) and p,^.. = 1, ..dim(/C). Then, the Hermitian p of the 
generators (of the central extension) satisfies the commutation relations 

[p'iA^),p'iA,)]=tcl,p'{Ax), 

[p'{Z^),p'{Zp)]=^cl^p'iZ^), (82) 
[p'iA^),p'iZ^)]=tcl^p'iA,). 

As we are using Hermitian operators (instead of anti-Hermitian operators), an 
i appears in the exponential p(fc) — e^^^ , Q{n) — e^*^. The p'{Aa) act on the 
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Hilbert space and therefore must be elements of the enveloping algebra e(A/') ^ 
a{M) e a{N) O a{N) 8 ... . Therefore 

p' {A^) = (ZJ + dr/i' (Z„) i' {Zp) + .... (83) 

These may be substituted into the commutation relations above to determine the 
constants {d'^,d^''^, ...}. In particular for, the quaplectic group, this leads to (64). 

6. Appendix C: Wave equations of the quaplectic group 

The eigenvalue equations of the Hcrmitian representations of the Casimir invari- 
ant operators define the wave equations that are the single particle state equations 
for the theory (47). These are given expHcitly in (67-69). In the following it is 
shown that these reduce to (70). First note that, from (69) 

r?"'^i„,6 IV) = V'"'''{Za,b+ia,b) IV) = rfi IV) (84) 
and therefore 

TV IV) = V'^'^'Z+Z^ IV) = /i(ci,rfi) IV) (85) 

with /i(ci,c?i) = {di + d). As both ci and di are Casimir invariant constants of 
the T(l) group, di,ci G R. (Note that for U{1) in the Q(l,3) case, di.ci e N.) 
In a coordinate basis (62), this is the relativistic oscillator 

where we set di = 2m. Natural units c = b — h = 1 are being used. Boundary 
conditions that the wave function vanishes at infinity require that ci = and m e N. 
It is important to emphasize that il){t. q) e L^(M^, C) and so is not constrained to a 
mass shell that causes problems in the interpretation of this equation in the context 
of special relativistic quantum mechanics. 
The next equation is 

r?^'V''ia,fe^,ci IV) = »?*'V'''(^a,6+£a,6) {z,,d+ic,d) |V) = ^1 IV) (86) 

By using the commutation relations for , it may be shown that 
r?^' V'^^a.b^d = 92{N) = N{N - n) 

,v ^ ^ k—1 

This generalizes to gk{^) = N{N — n) . Therefore, (86) may be written as 

r?^'V''4+^6"^V IV-) = f2{ci,C2,dl,d2) IV) (87) 

where 

f2{ci,C2,di,d2) = ^{d2- C2 - g2{di +ci)) (88) 

This process may be repeated for higher order equations yielding (70). The Ca are 
labels for irreducible representations and the da are labels for states within these 
irreducible representations. 
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